Introduction.
We shall say u(x, t) is a solution of the heat equation in the strip 0 < / < c if u(x, t) is in class C2 in this strip and if uxx(x, t) = ut(x, t) for every point (x, t) of this strip. We shall designate the fundamental solution of the heat equation for t>0 by k(x, t) = (4irt)~112 exp [ -x2/4t] and shall prove in this paper the following theorem: Theorem 1. Let u(x, t) be a solution of the heat equation in the strip 0<t<c. Suppose that (i) \u(x, i)|^£(/)exp
[ox2];-1 for 0<t<c where a is a positive constant and e(t) is bounded for 0<t<c and e(t) = o{\) as i^O; (ii) lim sup¡_,0 \u(x, t)\ is finite-valued except possibly for a countable set E; (hi) lim inf(_0 u(x, t) = u*(x) is in L1 on every compact subset of (-co, oo); (iv) there exist positive constants K and ß such that \U(x)\ UK exp [ßx2] where U{x) = ttHu*{z)dzdy; (v) lim infi-.o tll2u(x, t) = 0for x in E. Then u(x, t) = kt(x-y, t)U(y) dy for 0 < t < min [c, (4ß)~1].
J -00
As a corollary to Theorem 1, we get the following uniqueness theorem for solutions of the heat equation" stated in a more conventional form : Theorem 2. Let u(x, t) be a solution of the heat equation in the strip 0<t<c. Suppose that (i) \u(x, t)\ í¡e(t) exp [ax2]t~x for 0<t<c where a is a positive constant and e(t) is bounded for 0<t<c and e(t) = o(\) as /->0; (ii) lim supt-,0 \u(x, t)\ is finite-valued except possibly for a countable set E; (iii) lim inft_0 u(x, ?) = "*(;*:) is in L1 on ( -oo, oo); (iv) lim inf(-,o tll2u(x, t) = Ofor x in E.
Then u(x, 0 = j-oo k(x-y, 0"*(jO dy for 0<t<c. To see that Theorem 2 is indeed a corollary to Theorem 1, choose r0 such that 0< t0 < c. Then we need only show the conclusion of Theorem 2 holds in the strip 0 </</o-Now if u*(x) is inZ,1 on ( -co, oo), then U(x) defined in (iv) of Theorem 1 is such that |¡7(jc)| ^ A"i|x| S K2 exp [x2/4r0] where Kx and K2 are constants. Consequently, given (i), (ii), (iii), and (iv) of Theorem 2, we have by Theorem 3 that f* co u(x, t) = kt(x-y, t)U(y) dy for 0 < t < t0.
J -00
Now, fixing x in this equality, observing that 8k(x-y, t)\8t = 82k(x-y, t)\8y2 for t > 0, and integrating by parts twice in the above integral, we obtain that u(x, t) = k(x-y, t)u*(y) dy for 0 < t < t0, J -co which establishes Theorem 2.
Now both Theorems 1 and 2 were motivated by Theorem 3 to be stated below. The interesting fact concerning Theorem 3 is that each of the three conditions comprising its hypothesis can be shown to be in a certain sense best possible.
For t>0, we define \\u(x, Oll<» = sup_co<x<oc \u(x, t)\ and state Theorem 3 as follows :
Theorem 3. Let u(x, t) be a solution of the heat equation in the strip 0<t<c and be bounded in every substrip of the form 0<toit<c.
Suppose that (i) \\u(x,t)\\co=o(t-1)ast-^0;
(ii) limt_0 u(x> t) = 0 except possibly for a countable set E; (iii) lim inft^o tll2u(x, t) = 0 for every x in E. Then u(x, t) is identically zero in the strip 0<t<c.
We see that Theorem 3 is an immediate corollary of Theorem 2. To show that each of three conditions in the hypothesis of Theorem 3 is in a certain sense best possible we first note that both k(x, t) = (4ttí)-1'2 exp [-x2l4t] and kx(x, t) = -(4771/2/3'2)-1xexp [-x2l4t] are solutions of the heat equation in every strip of the form 0 < t < c and both are bounded in any substrip of the form 0 < t0 S t < c.
To show that the conclusion of Theorem 3 does not hold if (i) is weakened by replacing "o" by "O," we observe that \\kx(x, i)|[0O = O(f-1) as t^O.
Furthermore kx(x, t) meets (ii) and (iii) since limt-,0 kx(x, 0 = 0 for every x. We conclude that condition (i) as stated is in a certain sense best possible.
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To show that (ii) of Theorem 3 cannot be weakened by replacing "except possibly for a countable set L" by "except possibly for an uncountable Borel set L of measure zero," we observe that if E is an uncountable Borel set, then there exists a bounded perfect set Zc£ [1, p. 205 ] of measure zero. Consequently, there exists a continuous (i.e., nonatomic) probability measure ¡u. with its support contained in Z [2, p. 101].
We set (1) u(x, t) = i" k(x-y, t) dfi(y) for t > 0,
and observe that u(x, t) is a solution of the heat equation for i>0 and is bounded in every substrip of the form 0<?0:£?<oo. Also we see that lim^o u(x, t) = 0 for x not in Z and, therefore, that limt_0 u(x, t)=0 for x not in E.
To show that u(x, t) meets conditions (i) and (iii), we set ç4(j) = J"c0 eixy d^ (x) and observe that
and consequently that \\u(x, OH oo ¿ (27T)-1 J" ®(y)2yt exp [-//] <fy = o(i"1/2) as t^O.
We conclude that w(x, t) meets both conditions (i) and (iii) and, since /• 00 u(x, t) dx = 1 for t > 0, J -00 that condition (ii) as stated is in a certain sense best possible. To show that condition (iii) of Theorem 3 cannot be weakened to read " for every x in E but one," we observe that \\k(x, ?)||oo = <?(í _1)así->0, lim¡^0 k(x, t) = 0 for x#0, lim(_o tll2k(o, i) = (4n-)"1,2#0, and, therefore, that condition (iii) as stated is in a certain sense best possible.
We shall prove Theorem 1 in this paper, but before proceeding to the proof let us observe first that Theorem 1 contains the classical Tychonoff theorem on the uniqueness of solutions of the heat equation in an infinite strip, [6, p. 88] or [5, p. 206] . However, Theorem 1 neither contains nor is contained in the uniqueness theorems due to Tacklind [4] and Widder [6] . For further comments concerning the uniqueness of solutions of the heat equation in an infinite strip, see the introduction of the last mentioned paper. Theorem 1 above was motivated by the author's previous result concerning the uniqueness of functions harmonic in the interior of the unit disc [3] . It was also motivated by the classical theory of trigonometric series, in particular Chapter 9 of [7] . A number of lemmas to be proved in the sequel will have their trigonometric analogues either in [3] , [7] , or in [8] . However, in the sequel, the theory of trigonometric series will not be used in any explicit manner.
2. A sketch of the proof of a special case of Theorem 3. Before proceeding to the statements and proofs of the various lemmas involved in the proof of Theorem 1, we shall give a sketch of the proof of a special case of Theorem 3 based on these lemmas. This sketch will enable the reader to understand a number of the technical difficulties that will arise in the proof of Theorem 1.
We shall sketch the proof of Theorem 3 in the special case when E is the empty set in (ii), i.e., when (ii) is replaced by (ii') where (ii') lim¡_o u(x, t) = 0 for every x. To show that u(x, t) = 0 in the strip 0 < t < c, it is sufficient to show that u(x, t) = 0 in the strip 0 < t < t1 where 0<t1<c. In order to do this, we set for 0 < t < tu
Jo Jo and observe that F(x, t) is a solution of the heat equation in the strip 0<r<r1. We furthermore observe that there is a constant Kr such that \F(x,t)\ <. K1(x2+l)t-112 for 0<t<t1 and -co<a:<oo. Also, it follows from (ii') that limt->0F(x, t) = F(x) exists and is finite for every x. If we can show that F(x) is a linear function, it will follow from Lemma 14 that F(x, t) is independent of t for 0<r<r1, and consequently that 0 = Ft(x, t) = u(x, t) for 0 < r < tj,.
So this special case of Theorem 3 will be established once it is shown that F(x) is a linear function. To show that F(x) is a linear function it is sufficient to show that F(x) is a continuous function, for it follows from (32) of Lemma 10 that if F(x) is continuous for a < x < b then
for a < x < b, and consequently by Lemma 5 that F(x) is a linear function for a < x < b. We let Z designate the set of discontinuities of F(x). It follows from the Baire category theory (in particular from [7, (i) , and from (ii') (see the proof of Theorem 1 for the details) that Z is a nowhere dense set on the real line.
[November Next, we observe from the proof of Lemma 11 that ux(x, t) is bounded in any substrip of the form 0<t0^t<c and furthermore that \\ux(x, t)\\oo=o(t~3'2) as t -> 0. Consequently, on choosing a t2 such that 0 < t2 < tx and setting G(x, t) = -Fx(x, s)ds+ F(y, t2) dy for 0 < t < t2,
we have by Lemma 12 that limt^0 G(x, t) = G(x) exists and is continuous on (-co, co). We furthermore have from Lemma 12 that G(x) is smooth on (-co, oo But then it follows immediately that the nowhere dense set Z can have no isolated points and consequently that Z is a perfect nowhere dense set.
We use the Baire category theory once again, i.e., [7, (i) (ii) lim^o u(x, t) = 0 uniformly on compact subsets of ( -oo, oo). Then u(x, t) is identically zero in the strip 0<t<c. The first lemma that we prove is the following: Lemma 2. Let F(x) be a finite-valued measurable function defined on ( -co, co) satisfying the condition \F(x)\ ^Kexp [ax2] where K and a are positive constants. (-►0 and let At.F(x) designate the corresponding lim inf. Then at each point x0, for which lim^o F(x0, t) = F(xQ), the following inequalities hold
It is clear that all of the inequalities in (2) will be established once the first inequality in (2) is established. Furthermore, it is clear that to establish the first inequality in (2), we need only establish it in the special case x0 = 0, i.e., (2) will be established once we show that lim^o F(0, t) = F(0) implies that We now establish (4). First choose S such that for 0<h^8,
Then for 0</<(4a)-1, Jo which fact establishes (4) and consequently the lemma.
Lemma 3. Let F(x) be a function in L1 in ( -oo, oo). For t>0, set F(x,t)= P k(x-y,t)F(y)dy.
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Then at each point x0 for which limf_0 L(x0, t) = F(x0) (where F(x0) is finite or infinite), the following inequalities hold:
where A*LO0) and A*L(x0) are defined as in Lemma 2.
If L(x0) is infinite, the proof of this lemma is immediate. If L00) is finite, the proof of this lemma is the same as the proof of Lemma 2 except that we use the additional fact I* 00 I* 00 Let a<a'<V<b anda' -a>8 andb -b'>8 where S>0. Then for 0<i<(4a)_1, (6) dnF(x,t)¡dtn= P F(x-y)(dnk(y,t)ldtn)dy.
Also, for a'^x^b' there exists a constant K' such that \F(x-y)\ ^K' exp [2«y2].
Since both integrals f exp [2ay2]\8nk(y, t)¡dtn\ dy and f exp [2ay2]\8nk(y, t)¡8tn\ dy J Ö J -co tend to zero as r^O, we conclude from (6) that to show 8nF(x, r)/3rn->-0 as t-> 0 uniformly for a'SxSb', we need only show that (7) lim i F(x-y)(8nk(y, t)/8tn) dy = 0, uniformly for a' <. x <. V.
By hypothesis, F(x) = '22l0~1 fly*' in the interval (a, b) where each a¡ is a constant for j=0,..., 2n-1. Consequently, F(x-j) = 2;22o1 a/x-J7)5 for a'Sx^i' and -8<..y<.S. Furthermore, for r>0, 8nk(y, t)¡8tn = 82nk(y, t)\8y2n. We conclude (7) will follow, once we show (8) lim f y* 82nk(y, t)¡8y2rí dy = 0 for./ = 0,..., 2«-1.
Observing that y* 8mk(y, t)ldym\y = a-^-0 as r->0 for i and w nonnegative integers, we conclude after integrating by parts j times that the integral in (8) is equal to If Z is a perfect set and Z(a, b) is nonempty, F is upper semi-continuous on the set Z(a, b) will be defined in a similar manner.
We next state a useful lemma concerning upper semi-continuous functions. The proof of this lemma is very similar to that given in [7, Lemma 3.20, p . 328], and we therefore omit it.
We next prove the following lemma which is a variant (and in one sense only an improvement) over [7, Lemma 3.23 Next, using the upper semi-continuity of L once again, we choose a sequence of functions, {L"0)}"=1, which enjoy the following three properties: and observe from (14), (15), and (ii) that
Consequently, we conclude from (iv), (18) But then it follows from (11), (14), (15) The conclusion to the lemma, namely (10), follows from this last fact, (11) and (13).
Lemma 7. Let F(x) be in L1 on (-co, co), and for i>0, set
With no loss in generality, we can take x0 = 0, F(0) = 0, and v = 0. The lemma will be established if we can show given e > 0, (20) lim sup \8F(0, t)¡8t\ <. 6e.
To establish (20), we choose S > 0 such that (21) \F(y) + F(-y)\ <. ey2 for \y\ S 8.
Next, we observe that for t > 0,
and consequently since F is in L1 on ( -00,00) and supáS|V| \kt(y, r)|=o(l) as t -> 0, that
We conclude from (21) that (22) \8F(0, t)\8t I < e £ y2\kyy(y, t)\ dy + o(l). We establish (23) by first observing that
Consequently, we obtain that for 0<(2i)1/2<S,
y2\lcyy(y, 01 dy = -y2kyy(y, t) dy+ y2kyy(y, t) dy.
After integrating by parts several times, we then obtain that the expression on the left in (23) is majorized by LO, 0= i" k(x-y,t)F(y)dy.
Suppose that limt_0 LO0, 0 = ^00) is finite. Then the following inequalities hold:
With no loss in generality, we can assume x0 = 0. We also note that once (24) is established, (25) follows immediately. We shall prove (24).
From the extended law of the mean, we obtain that
where 0 < s < t, t = s and consequently that
If the expression on the left side of the inequality in (24) is -oo, the inequality in (24) holds. Let us suppose therefore that (27) lim inf \(2h) ~1 f F(x) dx -f (0)1 lh > q where q is finite. Then it follows from (26) that (24) holds once we show that
Using (27) choose 8 > 0 such that
Now from this last fact and the fact that -kx(x, t) ä 0 for x ä 0, we obtain after integrating by parts that for t > 0,
An easy computation shows that
But then (28) follows from (29), and the proof to the lemma is complete.
Lemma 9. Let F(x) be in L1 on (-co, oo) and for t>0, set F(x, t) = I"" k(x-y, t)F(y) dy.
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Suppose that lim,-,0 F(xo> t) = F(x0) is finite. Then the following inequalities hold:
D%F(x0) <. lim sup 8F(xQ, t)\8t and
For t > 0, we obtain from the mean-value theorem that
Consequently, the following inequalities obtain lim inf 8F(x0, t)\8t <. A*F(x0) <. A*F(x0) i lim sup 8F(x0, t)\8t.
But then (30) follows immediately from these inequalities and Lemma 3.
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We next come to one of the key lemmas of this paper.
Lemma 10. Let u(x, t) be a solution of the heat equation in the strip 0<t<c. Let 0<tx<c and for 0<t<tx,set F(x, t)= -J",'1 u(x, s) ds + J-* j% u(z, tx) dz dy. Suppose that (i) \u(x,t)\-¿e(t)eax2t~í for 0<t<c where a is a positive constant and e(t) is bounded for 0<t<c and e(t) = o(\) as t-^-0;
( t->o uniformly on compact subsets of (a", b").
We first observe that F(x, 0 is a solution of the heat equation in the strip 0 < t < c, and furthermore there exist a positive constant K' and a nonnegative bounded function ex(t) with ex(t) = o(l) as / -> 0 such that (36) |LO, 01 S ex(t)ec,x2\logt-1\+K'eax2(x2 + \) for 0 < t < tx.
Next, we choose t2 with 0 < t2 < tx and set for 0 < t < t2,
H(x, 0 = -í2 LO, s) ds+ i" f F(z, t2) dz dy.
We observe, once again, that H(x, t) is a solution of the heat equation for 0 < t < t2 and that by (36) there exists a constant K" such that (38) \H(x, 0| <. K" exp [2ca:2] for 0 < t < t2.
We also obtain from (36) and (37) The fact that F(x, s) is in class C2 for s fixed and 0 < s < tx and the fact that 82F(x, s)¡8x2 = u(x, s) implies from (i) of the lemma that \F(x1 + h,s) + F(x1-h,s)-2F(x1,s)\ <. K'h2*-1 for 0 < s < t2 and 0 < h2 < t2
where K" is a constant. We conclude from this last fact that the integral in (44"') is o(h) as h -> 0 and consequently that (44) is established.
To obtain (31) in the conclusion of the lemma, let a<a1<¿1<¿>. Then since by (iv) of the lemma F(x) is not identically -oo in (aly ¿>i), it follows from (iii) of the lemma that F(x) takes a finite maximum in [ and furthermore this limit represents a function which is in L1 on every compact subset of (au ¿>x). We conclude from this fact that D%H(x) = D*2H(x) almost everywhere in (au bj) and represents a function which is in L1 on every compact subset of (au b]). But then we obtain immediately from (43) that F(x) is in L1 on every compact subset of (öi, ¿>i), which fact establishes (31).
To establish (32), (33), (34), and (35), let (45) a < a' < a" < a" < x0 < bm < b" < b' < b
where F(a')^ -co and F(¿>')# -co. Take A(x) to be a nonnegative continuous function where A(jc) = 1 for a" S x <. b", 0< A(x)<. 1 for a'<x<b', and A(x) = 0 for -co<x^a' and ¿>'<.x<oo.
Next we set
Fi(x) = X(x)F(x) for a' < x < b',
= 0 for -oo < x <. a! and V S x < oo.
It then follows from (iii) of the lemma, (31), (45), and (46) that F^x) is an upper semi-continuous function which is in L1 on (-co, oo) and that F±(x) vanishes outside of a finite interval.
We set LjO, 0 = Jro" k(x-y, t)Fx(y) dy for i>0 and observe that Fx(x, t) is a solution of the heat equation for t > 0. Also we observe that (47) |LiO, 01 â Kxt~112 for t > 0 where Kx is a constant and that (48) i" \Fx(x,t)-Fx(x)\dx^0 ast-^0.
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With t2 as in (37), we set for 0 < t < t2 We also observe that Hx(x, t) is a solution of the heat equation for 0 < t < t2
and from (47) that (53) LfjO, 0 = k(x-y, t)Hx(y) dy for 0 < t < t2.
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Next, we observe from (49) that for 0 < t < t2.
d2Hx(x, t)ldx2 = dHx(x, t)\dt = Fx(x, t).
Consequently, with a" as in (45), we have that (54) Hx(x, 0 = f I"" Fx(z, t) dz dy + A(t)x + B(t) Ja" Ja"
where A(t) and 5(0 are continuous functions of t in the interval 0</<t2. From (48), we obtain that for each fixed jc, (55) lim f* f" Fx(z, t) dz dy = f* f Fx(z) dz dy.
t-*0 Ja" Ja" Ja" Ja"
But then it follows from (52), (54), and (55) that there are constants Ax and B± such that lim^o ^(0=A and lim^o B(t)=Bx. We conclude from (52), (54), and (55) that (56) Hx(x)= P P Fx(z)dzdy + AxX+Bx.
Ja" Ja"
On the other hand, it follows from (39), (43), (44), (iii) and (iv) of the lemma, (31), and Lemma 6 that (57) H(x) = Í f F(z) dzdy + Ax + B for a" <. x <. b" Ja" Ja"
where A and B are constants. Next, we set H2(x, t) = H(x, t)-Hx(x, t) for 0 < t < t2,
and conclude from (41) and (53) However, from (37), (49), and (58), we obtain that 8H2(x, t)¡8t = F(x, O-F^x, 0 for 0< t< t2. We consequently conclude from (61) and (62) that (63) F(x, t)-Fy(x, 0^0 as t -> 0 uniformly for a" <. x <. ¿>"; (64) dF(x, tySt-SF^x, t)\8t -^ 0 as r ^ 0 uniformly for a" <. x <. è".
We recall that On the other hand, it follows from (45) and (64) Therefore, (32) is established. To establish (33), we obtain from (45), (64), and (71) that lim sup f1'2 8Fx(x0, t)\8t = lim sup tU2u(x0, t),
lim inf t112 8Fx(x0, t)\8t = lim inf tll2u(x0, t).
f->0 i-»0
On the other hand, it follows from (65), (67), and Lemma 8 that To establish (34), we have from (ii) of the lemma, (45), (46), (63), and the hypothesis of (34) that We then obtain from (65), (75), and Lemma 7 that We shall say that a function G is smooth on (-co, co) if it is smooth at every point x. Smoothness is a crucial notion to this paper and will be established for the function G which we shall introduce in Lemma 12. For further theorems concerning smoothness, see [7, pp. 43 and 44] .
If G is defined and finite in a neighborhood of the point x, we shall set
h-»0 L_GO) will designate the corresponding lim inf. We next prove the following lemma which is basic to this paper.
Lemma 12. Under the same hypothesis as Lemma \\,let tx be as in the conclusion of Lemma 11. Set F(x, t) = -ft1 u(x, s) ds + J"* ¡y0 u(z, tx) dz dy for 0<t<tx. Next, choose t2 such that 0<t2<tx and set (84) GO, 0 = -j2 Fx(x, s) ds+ f F(y, t2) dy for 0 < t < t2. 
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To prove the lemma, we first observe that for 0 < r < tu (88) Fx(x, t) = -J 1 ux(x, s)ds + j u(y, ti) dy.
Consequently, it follows from the conclusion of Lemma 11 that and observe from (89) that G(x) is well defined on (-co, co). Furthermore, it follows from (84) and (89) that lim(^0 G(x, t) = G(x) uniformly on compact subsets of (-co, co). Consequently, G(x) is a continuous function, and also (85) is established.
To establish (86). fix x0 and select a S with 0 < S < r2'2. Then for 0 < h < 8,
We conclude from (83) that to show G is smooth at x0 and consequently on (-co, oo), we need only establish Since GO, 0 is a solution of the heat equation for 0 < t < t2, we conclude from (96), (85), and Lemma 1 that (97) GO, 0 = P k(x-y, t)G(y) dy for 0 < / < min [t2, 1/12«].
J -00
To establish (87), we need only show that the first inequality in (87) holds. We now establish this first inequality by showing that for a fixed x0, (98) D_GOo) Ú lim inf F(x0, t). (98) will be established.
To obtain (99), we observe from (84) that for 0<r<r2, Gx(x, t) = F(x, t) and consequently obtain from (97) that for 0<r<min [f2, l/12a] /»OO F(x0, t) = kx(x0-y, t)G(y) dy J -CO (100) = T G(x0-y)(8k(y,t)l8y)dy.
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Now, since by assumption, D_G(x0)>q, we can choose S such that
From (85) and (96), \G(y)\^K3 exp [3aj2]. Therefore, {S1+¡ö}g{x° ~y)(dk(y't)idy) dy=°(i) as * ~* °' and we conclude from (100) that for 0<r<min [t2, l/12a], F(x0, t) = J^ G(x0-y)(8k(y, t)¡8y) dy + o(\).
But 8k(y, t)\8y is an odd function of y and we obtain from this last fact that for t small,
Observing that for y > 0, -8k(y, t)\8y > 0, we obtain from (101) With GO, 0 defined by (84), G(x) defined by (90), and the fact that k(x, t) satisfies the heat equation for / > 0, we obtain from (97) that there is a t3 > 0 such that for 0 < / < t3 (104) Gtx(x,t) = I"" G(y)kxxx(x-y,t)dy.
Now for 0<t<t2, we obtain from (84) and the hypothesis of Lemma 12 that G(0, t) = Fx(x, t) and therefore, that Gtx(x, t) = Fxx(x, t) = u(x, t). We conclude from (104) that (105) mO, 0 = I*" G(x-y)(83k(y, t)¡8y3) dy for 0 < t < t3.
Next with F(x) defined by (ii) of the lemma, we set for a < x < b, , that D~F(x) is bounded on every compact subset of (a, b), and that F(x) is absolutely continuous on every compact subset of (a, b) with a Radon-Nikodym derivative equal to D~F(x). Consequently to establish (102), it is sufficient to show that D~F(x) is a continuous function in (a, b).
Let x0 be a fixed point with a < xQ < b. We conclude from the above paragraph and the fact that U'(x) is continuous that (102) will be established if we show From (84) and the fact that F(x, t) satisfies the heat equation for 0< t< t2, we have that Gx(x, t) = F(x, t) for 0 < t < t2. But then G(x, t) -G(xQ -8,t) = $*o_6 F(y, t) dy for 0< t< t2 and x0 -8SxSxQ + 8. We conclude from (109) and (85) Suppose (107) does not hold. Then there exists q>Q and 8X with 0<8i<8 such that (113) [D~F(x0+y)-D~F(x0-y)] >q for 0 < y < 8,.
But then we conclude from (112) Then u(x, t) = Ax+BforO<t<c.
To prove the lemma, it is enough to show by Lemma 1 that there exists tx with 0 < tx < c such that (119) u(x, t) = Ax+B for 0 < f < tt.
Choose a tx with 0 < tx < c and set (120) F(x, t) = -Ï11<0, s) ds+ P P u(z, tx) dz dy. (122) and (123) we obtain that there exists a constant K2 such that | V(x, t)\ ^K2 exp [2ax2] for 0 < t < tx. We conclude from (121), (123), and Lemma 1 that V(x, t)=0for0<t<tx and therefore, from (123) that (124) F(x, t) = F(x) + Axt+Bt for 0 < t < tx.
On the other hand, from (120) we obtain that 8F(x, t)/8t=u(x, t) for 0<t<tx and consequently from (124) that u(x, 0 = Ax + B for 0 < / < tx. To prove the lemma, we set (125) u0(x, t) = P k(x-y, t)u(y) dy for 0 < t < (4ß)~\ and take t0 such that 0<<0<rmn [c, (4ß) '1] . The proof to the lemma will be complete if we can show (126) u(x, 0 = «oO> 0 for 0 < í < t0.
As is well known, the continuity of u(x) and (iii) of the lemma imply that (127) lim MqO, 0 = "O).
-°° < x < oo.
Also, (125), (iii) of the lemma, and the fact that í0<(4¿S)_1 imply that there exists positive constants K2 and y such that (128) KO, 01 è K2 exp [yx2]t-112 for 0 < t < t0.
But then on setting (129) Ux(x, t) = u(x, t)-u0(x, t) for 0 < t < t0, we see from (i) of the lemma and (128) and from (ii) of the lemma and (127) that Ux(x, t) meets the conditions in the hypothesis of Lemma 14 with S =1/2 and A = B=0. We conclude, consequently, from Lemma 14, that Also, (150) tells us that F(x) is finite-valued and continuous in (a, b). Since the limit of a decreasing sequence of convex functions is either convex or identically -co, we conclude from (150) that
Observing that all the conditions in the hypothesis of Lemma 13 are met, we apply this lemma and obtain that Next, we use the other half of the Vitali-Carathéodory theorem for the function w*(x) and obtain a nonincreasing sequence of functions {vj(x)}¡Lx with the following properties : We now establish (176). Let Z be defined by (177) Z = {x; -R < x < R, Lis not upper semi-continuous at x}.
We propose to show that Z is the empty set. To do this, with tx defined as in (131), we choose a strictly decreasing sequence {?*}"= x tending to zero, i.e., (180) u(x, t) ^ M-1 for a' < x < b' and 0 < t < tx.
From (131), we obtain that Ft(x, t) = u(x, t) for0<r<r1, and consequently from (180) that for each x in (a', b'), (181) F(x, t) -(M-\)t is a nondecreasing function of t for 0 < t < tx.
But for each t, F(x, t) -(M-\)t is a continuous function of x. Furthermore, from (133), limt^0 F(x, t)-(M~ l)t = F(x). We conclude from (181) that We now propose to show that (184) Z is not a nonempty nowhere dense perfect set. 
